We study the quench dynamics of the topological quantum phase transition in the two-dimensional transverse Wen-plaquette model, which has a phase transition from a Z2 topologically ordered to a spin-polarized state. By mapping the Wen-plaquette model onto a one-dimensional quantum Ising model, we calculate the expectation value of the plaquette operator Fi during a slowly quenching process from a topologically ordered state. A logarithmic scaling law of quench dynamics near the quantum phase transition is found, which is analogous to the well-known static critical behavior of the specific heat in the one-dimensional quantum Ising model.
I. INTRODUCTION
Ultracold atoms provide an ideal platform for experimental studies of the time evolution of quantum systems, and make it desirable for related theoretical explorations on dynamics of quantum phase transitions in various models. These explorations mainly focus on nonequilibrium dynamics in quantum systems which undergo a quantum phase transition when a system parameter is varied (quantum quench) 1 . These experimental and theoretical studies can potentially help to pave the way for future technologies and provide a deeper understanding of quantum many-body physics, particularly the universal scaling behavior in the quench dynamics.
Recently, a new type of phase transition, the so-called topological quantum phase transition (TQPT) has attracted considerable research attention [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . TQPT is a kind of phase transition between two quantum states with the same symmetry. It is fundamentally different from the usual symmetry-breaking phase transition, and involves a new type of order -topological order, as introduced by Wen 14 . In such an ordered state, there is no local order parameter, and the state is robust against arbitrary local perturbations. On this basis, quantum systems with topological order have been proposed to build robust quantum memories 6 and topological quantum computer (TQC) 15, 16 . In Refs. 15, 16 , it was shown that the pure state of topological order can be obtained via an adiabatical and continuous evolution process from a non-topologically ordered state and further be used as the initial state for TQC. Nevertheless, the detailed dynamics of such a quench process, particularly the universal scaling behavior near TQPT, has not been studied yet.
In the last decade, several exactly solvable spin models with topological order were found, such as the toriccode model 6 , the Wen-plaquette model 17 and the Kitaev model on a hexagonal lattice 18 . These spin models provide a framework to study the TQPT and its quench dynamics. Thus, in recent years, some research groups have studied the quench dynamics of TQPT in the Kitaev model (e.g. Mondal et al. 19 ) or the toric-code model (e.g.
Tsomokos et al. 20 ). Mondal et al. found a relationship between the quench rate and the defect density in the one-dimensional (1D) and two-dimensional (2D) Kitaev model in the limit of slow quench rate and generalized the result to the defect density of a d dimensional quantum model. Tsomokos et al. investigated how a topologically ordered ground state in the toric-code model reacts to rapid quenches. They tested several cases and showed which kind of quench can preserve or suppress the topological order.
In this work, we study the quench dynamics of TQPT from a topologically ordered state to a non-topological order in the Wen-plaquette model. To characterize the phase transition, we calculate the expectation value of plaquette operator F i during the quenching process, which is related to the number of quasiparticles in the topologically ordered state. Our results provide helpful information about the whole quenching process.
The remaining of this paper is organized as follows. Section II describes an exact mapping from the 2D transverse Wen-plaquette model onto the 1D Ising chain. In Sec. III, we study the TQPT of the 2D transverse Wenplaquette model and give some results about its order parameters. In Sec. IV, we give the solutions to the dynamics of TQPT in the transverse Wen-plaquette model. A brief discussion is given in Sec. V.
II. MAPPING THE TRANSVERSE WEN-PLAQUETTE ONTO ISING MODEL
We start with the Hamiltonian of the Wen-plaquette model on a square lattice with periodic boundary conditions in both directions:
where τ x i and τ y i are Pauli operators on site i,x andŷ are the unit vectors in x-axis and y-axis, respectively (see Fig. 1 ). Because of the commutativity of H and F i , the energy eigenstates can be labeled by the eigenstates of F i . We can easily find F F i = 1 and F i = −1, which gives the exact ground state energy. In the case of g > 0, the ground state is F i = 1 for every plaquette, and the elementary excitation is F i = −1 on one plaquette (denoted by i) with an energy gap E g − E 0 = 2g. On an even-by-even lattice, there are two types of plaquettes -the even plaquettes and the odd plaquettes respectively. As a result, one may define two kinds of bosonic quasiparticles: Z 2 charge and Z 2 vortex (see detailed calculations in Ref. 17 or Ref.
2 ). A Z 2 charge is defined by F i = −1 on an even sub-plaquette while a Z 2 vortex defined by F i = −1 on an odd. Thus a fermion can be regarded as the bound state of a Z 2 charge and a Z 2 vortex. Now we consider the Wen-plaquette model in a transverse field, which is defined by:
This model on a square lattice can be mapped onto the 1D quantum Ising model with the Hamiltonian
where σ x n and σ z n are Pauli operators. To derive the mapping, one can calculate the commutation relations (see detailed calculations in Appendix):
These relations correspond to those in Ising model:
[σ
Then we obtain the mapping
Accordingly, the Hamiltonian (2) can be mapped onto the 1D quantum Ising model like following:
where the subscript α implies there is one or more Ising chains. The number of Ising chains is determined by the size of the square lattice for the Wen-plaquette model (see Ref. 11 ). Since the Ising chains decouple from each other, we can consider only one Ising chain without loss of generality, and reduce the Hamiltonian (7) to
Then we may explore the quantum properties of the original Wen-plaquette model by studying the corresponding 1D Ising model.
III. STRING ORDER PARAMETERS IN WEN-PLAQUETTE MODEL
For the 1D transverse Ising model (3), there are two phases: in the limit of g I ≫ 1, the ground state is a paramagnet with all spins polarized along x-axis, σ x i → 1; in the limit of g I ≪ 1, there are two degenerate ferromagnetic ground states with all spins along positive or negative z-axis and σ x i → 0. Consequently, in Hamiltonian (8) , there is a quantum critical point at
that divides the two phases. Accordingly, the original transverse Wen-plaquette model also has two phases separated by this quantum critical point -in the region of g W > 1, the system is a topologically ordered state; in the region of g W < 1, it's a spin-polarized state.
Noting that the local order parameters cannot be used to learn the nature of TQPT any more, we introduce two non-local order parameters ψ 1 and ψ 2 as string order parameters (SOP's) in the transverse Wen-plaquette model. They are defined by the expectations of string operators i F i and i τ x i with i as the site index along a string in the diagonal direction 11 , i.e. ψ 1 ≡ i F i and ψ 2 ≡ i τ x i , respectively. We then calculate these two SOP's by using the mapping in Eq.(6). For ψ 2 , one has which becomes the correlation of two spins in the Ising chain of length n. By employing the Jordan-Wigner transformation
where 
Following the Wick's theorem, we can transform Eq. (13) into a Toeplitz determinant as
where
(15) In the thermodynamic limit N → ∞, we have (see Ref. 23 or Ref. 24 )
The exponent 1/4 here agrees with the critical exponent 2β/ν = 1/4 (see Ref. 21 ). By the same method we can obtain the result of ψ 1 ,
In addition, we can take advantage of the duality of 1D Ising model (see Ref. 22 ) :
and s
Thus the result in Eq. (17) is turned into ψ 1 = m, where m ≡ σ z i is the spontaneous magnetization. We can find that when N → ∞, the spin correlation (10) is the square of m. Consequently, from Eq.(16), we have
From the calculations above, one may notice that the non-local SOPs in a 2D transverse Wen-plaquette model are transformed to the local order parameters in the dual 1D Ising model.
IV. QUENCH DYNAMICS OF TQPT
In this section we study the dynamics of TQPT in the transverse Wen-plaquette model. The Kibble-Zurek mechanism (KZM) 25, 26 is a general theory to explore the dynamics of second order phase transitions including the quantum case. According to KZM, during a quenchinduced phase transition, the system undergoes three stages of evolution: adiabatic-pulse-adiabatic. It predicts that the density of topological defects, which are generated by the pulse evolution, is a function of quench time.
We can solve the dynamic problems in the Wenplaquette model by taking a sequence of transformations as in Ref. 27 . First, through the Jordan-Wigner transformation (11), the spin operators σ x,z i are represented by fermionic operators c n . Second, the operators c n are Fourier transformed into the momentum space:
Third, after Bogoliubov transformation, one have
where η k and η † k are fermionic operators. For dynamic problems, the expression (21) becomes
Now, a dynamic solution can be written in the form of Bogoliubov mode (u k (t), v k (t)) after this whole transformation procedure. By this method, the dynamics of the quantum Ising model can be expressed as the time evolution of the Bogoliubov mode via so-called Bogoliubov-de Gennes dynamic equations (see Ref.
27 ):
Consider a linear quench, i.e.
where t varies from −∞ to 0 and the quench time τ Q characterizes the quench rate (defined by 1/τ Q ). Equations (23) can be transformed into the form of LandauZener (LZ) model 28 (the connection between the KZM and the LZ model can be found in Ref. 29, 30 ) :
From equations (25), we derive a second order differential equation for v k :
After the substitutions
we have
This kind of differential equation has a general solution
where D m (x) is the so-called parabolic cylinder function (PCF) or Weber-Hermite function 31 . According to the boundary conditions and the characters of the PCF, one may derive the approximative solutions to equations (28) at the end of linear quench for t = 0 (See Ref.
with the condition τ Q ≫ 1. Now we calculate the dynamic solutions in the Wenplaquette model via the same transformation procedure plus the mapping (6). We shall also consider
The quenching process can be set as tuning the strength of the transverse field from zero to very large compared with the coupling constant g. The phase transition is thus from a topologically ordered state to a spin-polarized state during the time-evolution from t → −∞ to t = 0. First, we calculate the expectation value of F i after the quenching process. From the Jordan-Wigner transformation, σ x n = 1 − 2c † n c n , we have
Through the Fourier transformation, we express c † m c n in momentum space
After the Bogoliubov transformation (21), we obtain
From the solutions (30), we derive
We can see the original state in the limit of g ≫ 1, which is a topological ground state with F i → σ x n → 1, will finally evolve into the trivial spin-polarized state with F i → σ x n → 0. Figure 2 shows how the expectation value of F i at the end of quenching process (t = 0) varies with the quench rate.
We can obtain the the numbers of Z 2 charges and Z 2 vortices by defining
and
respectively. Before the quench, the system is in a topological ground state. There is no quasiparticles (N c ≡ N c = 0, N v ≡ N v = 0), so we have F i = 1 for all plaquettes. At the end of the quench, we can also calculate the density of plaquettes
The colored curves represent |v k (τ )| 2 in the original form of the PCF varying with momenta k from −π to π, where the red one is at t = −0.5τQ, the blue at t = −τQ, the green at t = −2τQ with τQ = 50 in all the three cases. The dashed, dotted and dot-dashed curves, respectively, represent the approximate function for |v k (τ )| 2 with corresponding parameters, with the negative parts under the x-axis being cut off. They match with the colored curves very well It is obvious that when τ Q → ∞, half of the plaquettes will be turned into
However, this result cannot give us any information about the quenching process or the critical behaviors. In order to obtain such information, we find that, for τ Q ≫ 1, the expression
)−e −2πτQ sin 2 k (37) is a time-dependent approximate function for the general solution |v k (τ )| 2 in Eq. (29), if we cut off the negative part of the curve (see Fig. 3 ).
By using this approximate function, we calculate the value F i during the quenching process as a function of the time t near the quantum critical point. The result is shown in Fig. 4 . Further calculations show that the derivative of the expectation-value F i diverges at point t = t c = −τ Q as d Fi dt → −∞, which characterizes the critical point. In particular, we obtain a logarithmic scaling law of quench dynamics near the quantum phase transition as
Such a dynamics is analogous to the static scaling behavior of the specific heat near the critical point for the 1D quantum Ising model. The physical picture can be described as follows. At beginning, the external field is weak and can be treated as a perturbation, which creates vortices or charges and drives them to move around and annihilate each other. As a result, the density of quasiparticles remains small. As the strength of the field continuous to grow, the density of plaquettes F i = −1 increases rapidly near the point g W = 1 (that is t = −τ Q ). The rate of densitychanging diverges with a logarithmic scaling law. Finally, at the end of the quench, the field becomes so strong that the vortices and charges are all confined and cannot be treated as quasiparticles. If the quenching process is infinitely slow, half of the plaquttes overturns.
In addition we shall notice that only the linear quench is considered here. However, for other cases, our method is not reliable. Inspired by other papers on quantum quench in the toric-code model (e.g. Rahmani et al. 34 , where a sudden quench is studied), we can study the quench problems more generally through the time evolution of the entanglement entropy in the Wen-plaquette model. Nevertheless, we will not consider this in this work.
V. CONCLUSION
In summary, we study the dynamics of TQPT caused by a linear quench in the transverse Wen-plaquette model. We first show how to derive the mapping from the 2D Wen-plaquette onto the 1D Ising model by comparing their commutation relations. Based on this mapping, we point out the quantum critical point in the transverse Wen-plaquette model and calculate its non-local order parameters. We then calculate the expectation value of F i at the end of the quench, and further show how this value varies during the whole process. In particular, we find a logarithmic scaling law of quenching process near the TQPT. 
Then one can use the Kitaev model in the limit J x ≫ J z ∼ J y on a torus to do the TQC. The realization of the Kitaev model on the 2D hexagonal lattice has been proposed in Ref. 35, 36 . The essential idea realizing the Kitaev model is to induce and control virtual spin-dependent tunneling between neighboring atoms in the lattice that results in a controllable Heisenberg exchange interaction.
In this part, we give detailed calculations about commutation relations (4), which is related to the consistency between Wen-plaquette model and Ising model. 
we can calculate (41) in following four cases:
1. when i = j +x, 
It is clear that we also have [F i , F j ] = 0 in other cases.
Then, we only need to verify [F i , τ (50) * Corresponding author; Electronic address: spkou@bnu.edu.cn
